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Abstract

It is shown that the Nth power of the light-cone evolution operator of the 2N -
periodic quantum discrete Liouville model can be identified with the Dehn twist
operator in quantum Teichmiiller theory.

PACS numbers: 02.60.Lj, 02.10.Hh, 02.40.Re, 03.65.Fd, 03.70.+k, 11.25.Hf

1. Introduction

Integrable lattice regularization of quantum Liouville theory has been developed in [2,4, 5].
According to the recent development in [3], the model is expected to describe the quantum
Liouville equation with Virasoro central charge ¢;, > 1, including the ‘strongly coupled
regime’ 1 < ¢ < 25.

This paper can be considered as a second part of our previous work [3] dedicated to
the discrete Liouville model. Here we show that the evolution operator of the model can be
interpreted in pure geometrical terms within quantum Teichmiiller theory [1,6-9]. Namely, we
identify the Nth power of the light-cone evolution operator of the quantum discrete Liouville
model of spatial length 2N (which is the number of sites in a chain) with the Dehn twist
operator in quantum Teichmiiller theory.

The paper is organized as follows. The quantum discrete Liouville system is briefly
described in section 2. The relation to quantum Teichmiiller theory is explained in section 3.

2. Quantum discrete Liouville system

2.1. Algebra of observables
Following [3], algebra of observables Ay, N > 1, is generated by self-adjoint elements f;,
J € Z, with periodicity condition f;,,5 = f; and commutation relations

(=" 27!, ifn =m+1 (mod 2N)

fma fn = . 2.1
[ ] 0, otherwise. @D
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2.2. Equations of motion
The field variables

Xji = U ey, j+t=1 (mod 2)
are defined so that

UIch,tUIc71 = Xj—1r+1-

Here the ‘light-cone’ evolution operator Uy, is defined explicitly

N N
Ue = G] [ = [Jon(hj-nG 22)
j=1 j=1
where
1 i0+00 efiZZw dw . 1
— —_ — (Z+C;,)b, 2 271(2*(3},)17 =2
op(2) —eXp<4 A_Oo Sinh(wb) Sinh(w/b)w> (e 14 )0/ (€ 74 oo

g=e", G=e ™, o =ib+b )2
while operator G is defined through the equations

Gf; = (—=1)’f;_,G. (2.3)
The field variables solve the quantum discrete Liouville equation’

Xjr1 Xji—1 = A +gxjm ) +qxj-1.1)

with spatial periodic boundary condition

Xj+2N,t = Xj.t
and the initial data given by exponentiated generators

2 bty 2 by,
, .

X2j+1,0 =€ X2j,—1=¢

3. Interpretation within quantum Teichmiiller theory

In this section we interpret the evolution operator U in geometrical terms by using
the formalism of decorated ideal triangulations and their transformations within quantum
Teichmiiller theory described in [9].

3.1. Geometric realization

We consider an annulus with N marked points on each of its boundary components (2N points
in total) and choose decorated ideal triangulation 7 of it, shown in figure 1. Equivalently,
we can think of Ty as an infinite triangulated strip where triangles are numerated by integers
in accordance with figure 1 with periodicity condition Ty (n + 2N) = Ty(n), Vn € Z. In
this way we come to identification of the integers from 1 to 2N, numbering triangles in Ty,
with elements of the ring of residues Z,y = Z/2N7Z. Such identification will be assumed in
algebraic expressions, when necessary.

Denote D'/V the isotopy class of a homeomorphism of the annulus which rotates the top
boundary component wrt the bottom through angle 277 /N so that the marked points of the top

! Using invariance of Uy, with respect to symmetry b <> b~!, one can also define the dual fields satisfying the dual
equation, see [3].
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*

2N -1

Figure 1. Decorated ideal triangulation ty of an annulus with N marked points on each boundary
component. The leftmost and the rightmost vertical edges are identified.

* * * *
24 25 +2 DY/N 2§ —2 25
—_—
2j —1 2j +1 2j —1 2j +1
X * *,
. —1
T (osdhd—1,..0) l HJX “oit1,25
* * * *
2j —1 25+ 1 . 2j —1 2j +1
I ry
2j — 2 2j — 7 2j — 2 2j
* * * *

Figure 2. Continuous transformation D'/ of triangulated annulus Ty is a cyclic shift of the top
boundary wrt the bottom boundary to the right by one spacing.

boundary are cyclically shifted by one period. The reason for using fractional power notation
comes from the fact that

DYNo...o DYN =D
—_—
N times

is nothing else but the Dehn twist. From figure 2 it follows that the following composition of
geometric transformations is identity,

. . X _ X _ .
(...,],]—1,...)0Hk pklol_[] wzziljloD'/Nzld

where elementary geometric transformations p; and w;; have the form

-
and
—
[v I
with

— —1
Wy [ = P10 W10 P

while (..., j, j — 1, ...) denotes the index shift transformation j — j — 1. Equivalently we
can write

x X N
Dl/N:l_L w21+1,ilol_[k pro(oyjuj+1,..)
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so, quantum realization of D'V in L2(R?") has the form

2N N
F(ry, DYV (tn)) = DY = ¢ VNP S TTA T T 3.1)
k=1 =1

with the normalization factor chosen in accordance with the convention for Dehn twists used
in [8]. Here P(_;, j41..) is the natural realization of the cyclic permutation,

¢ = e b /12
A = e—in/seiangem(pk+qk)2
Tei=e PP+ a), B2 = (@)
where self-adjoint operators p;, q; satisfy Heisenberg commutation relations
[pj, pe]l = [aj, a] =0, [pj, qkl = 8;,2mi)~".

We can rewrite equation (3.1) in the form

N 2N
. N
DN = ¢ NN T @y (am + o)™ 21 PP [TAP e (B2)

m=1 k=1
Proposition 1. Operators
i +Pj—1, if j=0 (mod 2
K(fj): Pj+Pj-1 J ) ( ) (33)
q; +qj-1, otherwise
o 2N
(@) = ¢ VNPT PP [TACPC 1y (3.4)
k=1

define faithful (reducible) realization of the observable algebra Ay in L*(R*V).

Proof. Let us check that these definitions are consistent with relations (2.1) and (2.3). First,
evidently,

[k (f2)), ke (F2)] = [ (P41, k (Fpr1)] = O
while
[ic (F2;)s i (Foas1)] = [P2) + P2j—1» Qokst + Qi) = i)™ (84 + 8 441)
thus reproducing relations (2.1). Next,
Ad(k @)k (f2)) = Ad(K(G)) (P2 +P2j—1) = Ad(€ Zint PPty (p, - 4p) )
= Ad(e> Tk PaP2) (g1 — P2j—1 +Gaj—2 — P2j-2) = G2j—1 + Q22
=« (f2j-1)
and similarly
Ad(k (G))k (f2j41) = Ad(k(G))(qzj+1 + G2j)
= Ad(e?" DI PEPR ) (. +0y ) = —Paj — Paj1 = —k ()
in agreement with equation (2.3). ]
Now, comparing equations (2.2) and (3.2), we come to our main result

k(Ug) =DV, (3.5)
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3.2. A similarity transformation

Here, we give (without proof) the result of similarity transformation which simplifies the Nth
power of the evolution operator.
Define
W= ] @E)eti-Des(@jone)). @) = (ep(x)
N2j>1
where g;; = Z;‘z j+1fj, and the product of noncommuting operators is in decreasing order
from left to right.

Proposition 2. One has the following explicit expression for the transformed evolution
operator
Ue = AdW™HUje = (ge™/%) 7N l—[ ©p(92k-1,28-1)
N>k>1
7 7 i Z;V:] 2
X @b(92.28N—-1)Pb(2n—1.28+1) P (F2)e 2G
where the product is again in decreasing order from left to right, while the Nth power has the
form

¥ i — —igf2 (Lir 3N N
Uy = (ge™/%)! Nz(ﬂb(gz,an)e (e Z’:‘%’G) .

4. Conclusion

The main result of this paper is formula (3.5) which, on one side, identifies ‘zero-modes’ of
the 2N -periodic quantum discrete Liouville equation to be given by the Nth power of the
light-cone evolution operator Uj;, and equates these zero-modes to the (inverse of) Dehn twist
operator in quantum Teichmiiller theory, on the other side. The immediate consequence of this
result is that now, based on the known spectrum of operator D, we know the spectrum of the
model. Indeed, the complete spectrum of D is given by the formula [9]:
Spec(D) = {€°"% |5 € R}
where
-1, 52,
24

are conformal weights and the Virasoro central charge in (continuous) quantum Liouville
theory, see [10] for a recent review. This is consistent with interpretation of the Dehn twist
spectrum as Liouville conformal weights through the formula Spec(D) = Spec(e?"0), where
Ly is the Virasoro generator in continuous quantum Liouville theory with the known spectrum

Ay = co=1+6(b+b"H>>1

Spec(Lo) = {Ay +mls € R.og, m € Zxo).
Our result implies the following spectrum of U

Spec(Uy) = {e 27 A*m/N\g e R_, m € Z/NZ)}
which coincides with the spectrum of the exponential operator e ~27'20/N in quantum Liouville
theory. Thus, the discrete version of quantum Liouville theory is in complete agreement with
the continuous one and there is no modification in the spectrum of conformal weights.
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